The paper presents a theoretical formulation for the computation of temperaturedependent nonlinear response of shallow shells with single and double curvatures subjected to transverse mechanical loads while being exposed to through-depth non-uniform heating regimes such as those resulting from a fire. The material nonlinearity arises from taking into consideration the degradation of the material elastic behaviour at elevated temperatures under quasi-static conditions. Two types of boundary conditions are considered, both of which constrain the transverse deflections and allow the rotations about the edge axis to be free. One of the boundary conditions permits lateral translation (laterally unrestrained) and the other one does not (laterally restrained). A number of examples are solved for shallow shells under different types of loading conditions including: an exponential "short hot" fire leading to a high temperature over a relatively short duration; and an exponential "long cool" fire of lower temperature over a longer duration. The limits of the shallow shell equations are investigated through comparison studies. Results show that while current numerical approaches for analysis of laterally restrained shallow shells are often computationally intensive, the proposed approach offers an adequate level of accuracy with a rapid convergence rate for such structures.
The final version of this paper has been published in Composite Structures, Volume 141, Pages 1-13. Most of these structures are potentially at risk of being exposed to severe nonuniform thermal gradients while also externally loaded, such as those resulting from a fire. The consequences of such loading conditions may lead to a reduction of the strength and stiffness of the structure and the development of large deflections, leading to the failure of the structure under the most severe cases.
Research in this area has been often focused towards developing efficient shell finite elements (e.g. see Refs. [1] [2] [3] [4] [5] [6] [7] ). Numerical techniques have been widely used to study the nonlinear behaviour of shells, mainly for their flexibility and ability in dealing with shell problems in comparison with theoretical approaches.
Kumar and Palaninathan [8] employed an eight-node degenerated layered shell element to investigate the geometric nonlinear response of laminated composite cylindrical panels to axial compression and central concentrated load.
Their numerical results showed that boundary conditions (BCs) have significant influence on the load-carrying capacity of cylindrical panels so that those with free curved edges and hinged longitudinal edges undergo either limit point or bifurcation failure at very low load levels in comparison with other straight and clamped edge conditions. Using the differential quadrature method, Wang [9] solved the geometric nonlinear buckling problem of thin doubly-curved or- Panda and Singh [10] developed a nonlinear finite element (FE) model to analyse the thermal buckling and post-buckling strength of laminated composite shallow cylindrical/hyperboloid shell panels subjected to uniform temperature rise. In their model, the full nonlinearity effect in the geometry was taken into account in a Green-Lagrange sense based on the higher order shear deformation theory. Their numerical results indicated that the post-buckling strength in thermal environment is higher for hyperboloid shell panels in comparison with cylindrical panels. Altekin and Yukseler [11] employed finite difference and Newton-Raphson methods to solve the geometrically nonlinear axisymmetric bending problem of homogeneous and isotropic shallow spherical shells with either clamped or simply supported edges under axisymmetric loads. Their study showed that for partially loaded shells, the influence of the BCs on the central deflection of the shell is negligible. Civalek [12] used discrete singular convolution and differential quadrature methods for the nonlinear static and dynamic analysis of simply supported (laterally unrestrained) and clamped shallow spherical shells resting on elastic foundations. The dynamic analysis of shell structures are well documented in the literature (e.g., see Refs. [13] [14] [15] [16] [17] [18] [19] [20] ).
Alongside with the advances in numerical techniques, a significant improvement has also been observed in the capability of analytical and semi-analytical approaches to deal with many difficulties in shell nonlinear problems. Development of appropriate theoretical approaches is not only useful for benchmarking FE codes developed for shell-type structures but also for visualising internal structures in composite shells in order to develop much deeper insights into their load-carrying mechanisms. Woo and Meguid [21] studied the nonlinear analysis of simply supported (laterally unrestrained) shallow spherical shells with functionally graded (FG) material properties subjected to transverse mechanical loads and through-depth thermal gradients. The governing equations were established based on the von Kármán theory for large out-of-plane deflec-
tions and were solved using series solutions. It was revealed that considering thermo-mechanical coupling effects in the shell formulation can affect the nonlinear response of the shell. Based on the Donnell thin shell theory, van Campen et al. [22] developed semi-analytical methods using the adjacent equilibrium method and partitioned solution method to study the stability behaviour of doubly-curved shallow orthotropic panels under external pressure. In the former method, solutions at the neutral equilibrium position were perturbated to calculate the bifurcation buckling load. However, in the latter method, solutions of the equilibrium and compatibility equations of the panel were perturbated to calculate both the bifurcation buckling and post-buckling solutions that are not confined in the initial post-buckling region. Comparing buckling loads for panels with simply supported and hinged BCs, they showed that the lower buckling load is produced for cases with hinged BCs due to pre-buckling compression.
The nonlinear analysis of an imperfect shallow spherical shell on a Pasternak foundation subjected to uniform loads was presented by Nie [23] . The shell was assumed elastically restrained against rotational, out-of-plane and in-plane displacements. The asymptotic iteration method was applied to obtain an analytical expression for the external load and the central deflection of the shell.
Numerical results indicated that imperfections cause a drop in the load-bearing capacity of the shell. Heuer and Ziegler [24] studied the thermal snap-through and snap-buckling of symmetrically layered shallow shells with polygonal planforms and laterally restrained BCs using a two degrees of freedom model derived from a Ritz-Galerkin approximation. Duc and Van Tung [25] Shen and his colleagues studied the post-buckling behaviour of FG cylindrical shells in thermal environments under an axial compression [26, 27] , a lateral pressure [28] , and a uniform temperature rise over the shell surface and through the shell thickness [29] using the classical shell theory with the von Kármán-Donnell-type of kinematic nonlinearity assumptions. Material properties of the shell were assumed to be temperature-dependent and graded in the thickness direction according to a simple power law distribution. A boundary layer theory of shell buckling, which includes the effects of nonlinear pre-buckling deformations, large deflections in the post-buckling range, and initial geometric imperfections of the shell was used. A singular perturbation technique was employed to obtain the buckling loads and post-buckling equilibrium paths. Yang et al. [30] evaluated the effects of thermal loads, temperature-dependent properties, initial geometric imperfection, volume fraction index, and geometrical parameters on the post-buckling behaviour of FG cylindrical panels with either simply supported (laterally unrestrained) or clamped edges subjected to a combined initial axial force and a uniform temperature change. Their analysis was based on the classical shell theory and the von Kármán-Donnell-type kinematic relations.
The critical buckling temperature and the post-buckling temperature-deflection curves were determined using a semi-analytical differential quadrature-Galerkin method associated with an iterative algorithm. They reported that both the buckling temperature and the equilibrium path in the post-buckling regime become lower when the temperature-dependent properties are taken into account in the analysis.
Shahsiah et al. [31] obtained analytical solutions for the thermal instability of FG thin shallow spherical shells based on the Donnell-Mushtari-Vlasov theory. The shell was assumed under three types of thermal loading including a uniform temperature rise, a linear radial temperature, and a nonlinear radial temperature. Girish and Ramachandra [32] presented analytical solutions of the post-buckling problem of symmetric and antisymmetric cross-ply laminated
cylindrical shell panels under thermo-mechanical loading based on higher order shear deformation theory. They reported that the shear deformation is less effective on the critical buckling loads of antisymmetric cross-ply shell panels in comparison to symmetric cross-ply shell panels. Nie et al. [33] studied the nonlinear buckling of imperfect orthotropic shallow shells on an elastic foundation using the asymptotic iteration method. Amabili [34] presented the large amplitude of the response of simply supported (laterally not fully unrestrained) doubly-curved shallow shells with rectangular planform to static and dynamic loads. He used the Donnell and Novozhilov shell theories retaining in-plane inertia to obtain the geometrically nonlinear response of the shell. Hamed et al. [35] theoretically and experimentally examined the failure behaviour of thin-walled shallow concrete domes. Their theoretical study included the development of an analytical model for the nonlinear behaviour of materials under failure levels of load, the creep and shrinkage of the concrete material, and the buckling of the dome.
An analytical approach was employed by Bich and Van Tung [36] to study the nonlinear stability of perfect and imperfect FG shallow spherical shells under uniform external pressure with and without considering the effects of uniform and through-depth thermal gradients. In their approach, one term approximation of deflection was used to determine the extremum buckling loads and load-deflection curves for laterally restrained and unrestrained shallow spherical shells. Material properties were assumed to be temperature-independent.
Their results showed that while the effect of temperature field on the nonlinear response of FG shallow spherical shells under thermo-mechanical loads is significant, the effect of initial imperfection on the nonlinear response of mechanicallyloaded FG shallow spherical shells is weak. The nonlinear buckling behaviour of homogeneous and non-homogeneous orthotropic thin-walled truncated conical shells under axial load was presented by Sofiyev and Kuruoglu [37] . The stability and compatibility equations of the problem were derived using the large deformation theory with the von Kármán-Donnell type of kinematic nonlinearity. It was reported that for long truncated conical shells, the effect of non-homogeneity In most composite shell analyses, spatially varying material properties are not employed and the analysis has been often limited to temperature sensitive material properties. Hence, in the present paper, the formulation by Khazaeinejad et al. [40] is extended to account for the temperature-dependent nonlinear response of shallow shells with single and double curvatures on a rectangular planform. A shallow shell is subjected to a transverse mechanical load while it is exposed to through-depth non-uniform temperature profiles. Assuming a comparatively small rise for the shell, its geometry is expressed using the Cartesian coordinates instead of curvilinear coordinates. Two limiting cases are considered for the shell BCs, assuming the shell edges to be either unrestrained or restrained against lateral translations while transverse deflections along the shell boundaries are restrained and rotations parallel to the shell boundary are free. Results are presented for three different cases, namely isotropic, orthotropic FG, and shallow shells with temperature-dependent material properties for both the chosen BCs. In latter case, the shell nonlinear response is studied under two common types of quasi-static fire exposure conditions including: a "short hot" exponential fire of high temperature over a short post-flashover duration [41] ; and a "long cool" exponential fire with lower maximum temperature over a longer post-flashover period [41] . Quiver plots of principal stresses and [42] . A shallow shell typically has a rise of less than one-fifth of the smallest dimension of its planform. In the case of 'extremely shallow shells', the minimum radius of curvature of the shell is more than two times larger than its maximum planform dimension [43] .
membrane tractions are also graphically illustrated for the examples considered.
Comparison studies between the results obtained from the proposed formulation and those obtained from FE analyses show that the proposed approach offers a rapid convergence rate as well as an adequate level of accuracy for 'extremely shallow shells' (see Figure 1 ).
Kinematic and constitutive relations
Consider a shallow shell with a rectangular planform in the Cartesian coordinates system (x, y, z). The rise of the shell is assumed to be relatively small in comparison to its other dimensions. This is based on the shallow shell theory assumption in which the rise of a shallow shell above its planform is typically assumed to be less than one-fifth the smallest dimension of the planform (see Figure 1 ). The shell is assumed to undergo large deflections. In such a case, the von Kármán large deflection assumption which accounts for the stretching of the middle surface of the shell can be used. The shallow shell kinematic relations 
where u, v and w are the displacements of the middle surface of the shell in the x, y and z-directions, respectively, α xx (θ, z), α yy (θ, z), and α xy (θ, z) are the temperature-dependent transformed coefficients of thermal expansion, θ(z) represents the temperature increase through the depth of the shell, R xy represents the twist radius of the middle surface of the shell, and R x and R y are the radii of curvature of the undeformed shell, as illustrated in Figure 2 for shallow shells with single or double curvature.
The in-plane stresses vary linearly from the middle surface of the shell as
Figure 2: Common types of curvature for shallow shells with a rectangular planform. The curvilinear coordinates on the middle surface of the shells are replaced with a Cartesian coordinate system due to a comparatively small rise above the shells' rectangular planform.
It must be noted that for untwisted shallow shells the radius Rxy is infinite.
The membrane tractions (forces) for the shallow shell can be obtained by integrating the in-plane stresses of the shell over its depth
The moment resultants can also be obtained by twice integrating the in-plane stresses over the depth of the shell as follows
where the coefficient matrices A, B and D are related to the stiffness matrix Q by the following relations
In the above expressions, N θ and M θ are thermal stress and moment resultants, respectively, defined by
in which Q is the stiffness matrix associated with the material properties.
Derivation of governing equations
Under quasi-static conditions, the nonlinear response of shallow shells can be determined by solving a system of two coupled nonlinear equations simultaneously. This includes the compatibility and equilibrium equations of the shell.
The compatibility equation relates the internal membrane forces caused by large deformations to the out-of-plane displacement of the shell. It can be obtained by taking the second derivatives of the strains and combining the resulting expressions as follows
Since the membrane tractions vary only over the shell surface and not through the depth of the shell, they can be expressed by stress function F (x, y) as follows
By rearranging Eq. (3) along with using Eq. (8), the middle plane strains can be written as (9) ε 0 = aN + bε 1 + aN θ where a and b are related to the stiffness matrices A and B as defined in the
As can be seen, the effect of material nonlinearity is reflected in the matrices a and b. Substituting Eqs. (8) and (9) into the strain compatibility equation (7) the following nonlinear equation is derived 
where q(x, y) represents the transverse mechanical load. From substituting Eq.
(9) into Eq. (4), the moment resultants can be rewritten as
where the coefficient c and d are related to the stiffness matrices A, B, and D
Upon substitution of Eq. (13) 
where S mn = sin(mx) sin(ny) withm = mπ/a andn = nπ/b. The thermal force and moment resultants can also be expressed by Fourier series as follows
where the coefficients are calculated by
Different transverse mechanical loading conditions can be considered by expressing the quantity q in a double Fourier series as follows
where
The following loading conditions are then derived:
For a uniformly distributed load (UDL) of magnitude q:
For a sinusoidal loading of magnitude q where m = n = 1:
For a point load of q applied at coordinates (x 0 ,y 0 ):
For the stress function an expression satisfying the stress-free edges case (for the laterally unrestrained BC) and undeformed edges case (for the laterally restrained BC) may then be taken as
where P x and P y are equivalent reaction loads at the shell boundaries. In the case of laterally restrained BC, such loads can be obtained using the following expressions for the elongation of the shell in the x and y directions (25a) Setting the edge displacements to zero after substituting Eqs. (16) and (24) into Eqs. (25) and performing the integration, yields the following expressions for the reaction loads 
Likewise, the following load-deflection equation is derived from Eq. (29) (33) ς 1 w mn + ς 2 F mn + ς 3 F mn w mn + ς 4 = 0 where the coefficients are defined by (34a)
Once the material and geometric parameters are known, the coefficient w mn can be readily obtained by substituting the stress function from Eq. (31) into Eq. (33) . Having resolved the load-deflection equation, the out-of-plane displacement of the shallow shell can be accurately calculated for an adequate number of series terms, depending on the specified support conditions.
Results and discussion
In this section, a number of examples are solved for isotropic, orthotropic FG, and temperature-dependent shallow shells with both the chosen BCs. For all these examples, representations of either principal stresses or membrane tractions in the shell are graphically illustrated to gain a deeper insight into the nonlinear response of shallow shells with single or double curvature. Table 1 lists the dimensionless quantities used in the following examples.
Isotropic shallow shells
To verify the accuracy of the proposed approach, a series of comparison studies are presented. First, four square isotropic shallow cylindrical shells with different curvatures which were modelled using the FE software ABAQUS This is due to the increase in the flexural rigidity of the shell, which is caused by the curvature. In the case of shallow shells with the laterally restrained BC, very good agreement between the theoretical and FE results has been obtained. This is very promising since such a BC is practically useful. However, in the case of laterally unrestrained BC, satisfactory performance of the proposed approach is limited to extremely shallow shells as shown in Table 3 where the results of the solutions from the FE simulation and the proposed approach do not agree for the first three cases. This may be attributed to the significant change in the shell curvature between the unloaded and the loaded state, which is not able to be captured by the proposed formulation. The mention of curvature change Figure 1 . with respect to the unrestrained boundaries is related to the structure moving from larger to smaller curvature. The model seems to work significantly better for smaller curvatures than for larger curvatures.
For extremely shallow shells (R x /a = 5) in Tables 2 and 3 [40] . It can also be seen from the figures that the general stress patterns predicted by the proposed approach match quite well with those predicted by the ABAQUS.
FG shallow shells
In this section, an FG shallow shell under large displacements is analysed.
Good thermal resistance of FG materials at high temperatures has been widely accepted in the scientific community. A typical FG material is compositionally graded from a refractory ceramic to metal. Accordingly, the material properties of an FG shell vary continuously throughout the depth of the shell according to the volume fraction of constituents given by either a power-law distribution [44, 45] or an exponential distribution [46] . The former distribution has been commonly used for modelling FG shells. For an orthotropic FG shell, the stiffness coefficients are given by
where E1 and E2 are elastic modulii referring to the axes x and y and are defined as Figure 5a shows that an acceptable level of accuracy can be achieved for extremely shallow spherical shells with the laterally unrestrained BC using the proposed approach. This is justified by the convergence of the solution in Figure 5b which shows that the FE prediction is closer to the theoretical prediction obtained using three series terms in the calculations. It is also found that the maximum deflection value at the centre of an orthotropic FG shallow shell is about 1.13 times greater than the maximum deflection of its corresponding flat shell because of the low magnitude of elastic modulus chosen at the bottom surface of the shell.
Quiver plots of all dimensionless principal membrane tractions (forces) for the same orthotropic FG shallow shell with both the laterally restrained and unrestrained BCs are illustrated in Figure 6 . As expected, a completely symmetric distribution is formed for both the BCs. Since an upwardly directed UDL is applied, the behaviour of the shell with the laterally restrained BC is completely dominated by tensile membrane forces. However, in the case of laterally unrestrained BC, compressive membrane stresses occur around the shell corners while tensile membrane forces are formed in the central zone of the shell. An FE heat transfer analysis [48, 49] is carried out to determine the temperature history of the imposed heating regimes. As illustrated in Figure For a temperature-dependent concrete shell, the stiffness coefficients are given
The following expression which lies between the prediction of both the Eurocode [50] and Australian Standard [51] is assumed for the elastic modulus of concrete [40] 
where E 0 is the elastic modulus of the concrete at ambient temperature (27×10 of thermal expansion of the concrete, the following expression is taken [40] α(θ, z) =    9 × 10 −6 + 6.9 × 10 −11 θ 2 , 20
where α 0 is the coefficient of thermal expansion of the concrete at ambient temperature (9 × 10 −6 ) and α θ is its corresponding modulus at elevated temperatures. For structural steel, the relevant temperature-dependent material properties (TDMP) can be found in [40] .
The load-deflection relationship for a shallow hyperbolic paraboloidal shell is shown in Figures 10 and 11 
Conclusions
A geometrically and materially nonlinear analysis of temperature-dependent shallow shells subjected to thermo-mechanical loadings was presented. In all cases considered, transverse deflections and rotations along the shell boundaries were assumed to be restrained and free, respectively, while translations across the boundaries could be free or restrained. Based on the analysis presented herein, the following conclusions can be drawn:
• The formulation exhibits very good performance and convergence rate for shallow shells with the laterally restrained BC. For this BC, three series terms were used to achieve an accurate final solution. However, in the case of laterally unrestrained BC, the good performance of the proposed formulation was limited to the case of extremely shallow shells. It is hoped that with further investigation, an accurate method for such shells can be • The effect of TDMP on the nonlinear response of the shell is more pronounced when short hot fire exposure condition is imposed. This effect is, however, negligible for the long cool fire exposure conditions.
• The formulation developed is versatile and appropriate for other applications, such as laminated composite or orthotropic FG shallow shells. It can be used for the nonlinear analysis of extremely shallow shells when subjected to non-uniform through-depth thermal gradients, while also considering nonlinear and temperature-dependent material behaviour.
• The stress trajectories and principal stress distribution patterns obtained from the proposed approach were found to be very similar to the ones obtained from the FE analysis. These patterns can be explored and exploited to visualise internal structures in composite flat and curved shells in order to develop much deeper insights into the load-carrying mechanisms of 
